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Space-time covariance: simplifying assumptions

Let Z (x, t) with (x, t) ∈ Rd × R be a space-time random function.
The following simplifying assumptions about the space-time
covariance are useful in applications:

Stationarity (translation invariance):

cov(Z (x1, t1),Z (x2, t2)) = C(x1 − x2, t1 − t2)

Full symmetry:

cov(Z (x1, t1),Z (x2, t2)) = cov(Z (x1, t2),Z (x2, t1))

Separability:

cov(Z (x1, t1),Z (x2, t2)) = CS(x1, x2) · CT (t1, t2)
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Imbrication of the assumptions

fully symmetric

separable

stationary

General class of space−time covariance functions

From Gneiting, Genton & Guttorp (2007)
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Separability in the multivariate case
(intrinsic correlation)

Consider a set of space-time random functions Zi(x), i = 1, . . . ,N
A matrix of cross-covariance functions is separable if:

cov(Zi(x1),Zj(x2)) = bij C(x1, x2)

for all pairs of variables i and j .
The coefficients form a variance-covariance matrix V = [bij ] and
C(x1, x2) is a covariance function between locations in space and
time.
In such a model multivariate computations can be separated from
space-time computations.



Some topics in
geostatistical
modelling of

space-time data

H. Wackernagel

Space-time
covariance

Large spatial data:
SPDE

Unstructured grids:
change-of-support

Conclusion

Antarctic sea level rise contribution case study
From: Zammit-Mangion,Rougier, Schön, Lindgren, Bamber (2015)

Due to surface processes fluctuation at large (ice sheet) scales.
A space-time separable covariance function is assumed.

CS(x1, x2) · CT (t1, t2) = CS(x1, x2) · a(x1, x2, τ)
where a(x1, x2, τ) are propagation coefficients
(auto-regressive model).
Partition of the Antarctic into blocks within which the
parameters of Matérn covariance functions and propagation
coefficients are estimated from the RACMO numerical model.
Parameters are interpolated, providing a non-stationary
separable space-time covariance model.
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Matérn type Gaussian fields: SPDE approach
Lindgren et al., 2011

Traditional geostatistical computations may be prohibitive.
A remedy is to project on a low-dimensional space through a
set of basis functions.
A random function of Matérn type can be seen as solution to
a stochastic partial differential equations (SPDEs) of the
Laplace type.
Its projection on a low-dimensional space yields a
Gaussian Markov Random Field (GMRF) with favourable
computational properties.
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Antarctic sea level rise contribution case study
From: Zammit-Mangion,Rougier, Schön, Lindgren, Bamber (2015)

Different meshes are used to reconstruct at each time point the
spatio-temporal processes modelled in the study.
So called tent basis functions are constructed on the
triangulations shown below.
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Antarctic sea level rise contribution case study
From: Martín-Español et al. (2015)

Height changes caused by surface mass balance anomalies
(m/year) in 2009 estimated by the SPDE approach compare
well to the output from the RACMO numerical model:

The authors suggest in Zammit-Mangion et al. (2015) that
their space-time geostatistical approach is less restrictive and
bias-prone than standard data assimilation procedures, because
forward numerical models are used only to estimate parameters.
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Change-of-support by upscaling point simulation

On a regular grid upscaled values can be obtained without an
explicit change-of-support model:

1 point values are generated by geostatistical simulation
on a fine-scale grid;

2 upscaled values are obtained by averaging the point values
on the block support.

For unstructured grids this strategy is not favourable:
the creation and storage of a fine-scale regular grid may be too
time-demanding (very different cell volumes);
artifacts may appear if the chosen refinement was not sufficient.

Using an explicit change-of-support model the geostatistical
simulation includes the upscaling on the unstructured grid.
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Unstructured grid: very different cell volumes

The white points indicate oil well locations.
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Discretized Gaussian
change-of-support model (DGM)
Matheron (1976)

x is a point at a random position within the block v .
By Cartier’s relation:

E [Z (x) | Z (v)] = Z (v)

A Gaussian anamorphosis is computed from the station data:

Z (x) = ϕ(Y (x)) =
∞∑

k=0
ϕk Hk(Y (x))

where Hk are Hermite polynomials. Applying Cartier:

E [Z(x) | Z(v)] = E [ϕ(Y (x)) | ϕ(Y (v))] = ϕv (Y (v)) =
∞∑

k=0

ϕk rk Hk(Y (v))

where r is the point-block coefficient, 0 < r ≤ 1.
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The change-of-support coefficient r

The block variance of Z (v) is computed from the point variogram
γ(h) (or the covariance function C(h)):

var(Z (v)) =
1
|v |2

ˆ
v

ˆ
v

C(x−x′) dxdx′

The block variance can be expressed in terms of the block
anamorphosis:

var(Z (v)) = var(ϕv (Y (v))) =
∞∑

k=1
ϕk r2k

The point-block coefficient r is obtained by inverting this relation.
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Anamorphosis of point and block values
The range of the covariance function is 60km

-2. -1.  0.  1.  2. 

Gaussian values

 100. 

 125. 

 150. 

 175. 

 200. 

 225. 

 
 
 
 
 
O
z
o
n
e

r=.97

-2. -1.  0.  1.  2. 

Gaussian values

 100. 

 125. 

 150. 

 175. 

 200. 

 225. 

 
 
 
 
 
O
z
o
n
e

r’=.72

Anamorphosis of 1× 1 km2 block values (r=.97)
is close to that of point values.
Anamorphosis of 5× 5 km2 block value (r’=.72)
is more strongly deformed.
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Histograms block values
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Histograms of 1× 1 km2 block values and 5× 5 km2 block values
reconstructed with the change-of-support model.
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Proportion of values above given threshold

Proportion of 1× 1 km2 block values and 5× 5 km2 block values
above given threshold.
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Simulation of porosity
Tartan meshed offshore gas field model.From:Zaytsev et al. 2015
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Change of support: porosity

�



�
	Averaging point simulation

on original grid

�



�
	Using DGM

on GeoChron grid
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Summary

Using separable space-time covariance models strongly
simplifies computations.
The SPDE approach may further dramatically reduce
computational effort.
With the same number of nodes, an unstructured mesh permits
to concentrate effort on dynamically active regions.
Simulation of input parameters for climate models with
unstructured grids can be performed with geostatistical
change-of-support models.
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Free geostatistics software: RGeostats

Downloadable at: http://RGeostats.free.fr

the package RGeostats runs with R (open source)
which is available at:
http://www.r-project.org
By the way, R can be used in a Matlab-like graphical environment by installing
additionnally: http://www.rstudio.com/ide

RGeostats is designed for multivariate problems
with 1,2,3 or more spatial (temporal) coordinates.

http://RGeostats.free.fr
http://www.r-project.org
http://www.rstudio.com/ide
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